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Abstract
A Petrie walk in a plane graph G is obtained by walking on edges of G, alternatingly selecting
as next edge the left edge and the right edge of the current edge in the rotation of edges around
the common vertex. We give a characterization of 4-valent plane graphs with Eulerian Petrie
walks, which gives rise to a simple algorithm for constructing such graphs. This algorithm is
then used to answer the question whether or not there exist 4-valent plane graphs with Eulerian
Petrie walks and faces of prescribed sizes. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
A Petrie walk in an embedded graph G is such a walk that when traveling along
it, we alternatingly turn to the left edge and to the right edge of the current edge in
the cyclic rotation around the common vertex. We shall only consider closed Petrie
walks, for which this condition holds also for the last and the 5rst edge of the walk.
An example of a Petrie walk is shown in Fig. 1, where the dotted curve indicates the
order of edges in the walk. Petrie walks are sometimes also called left-right paths, for
example in [12,14].
Petrie walks have some very interesting properties (cf. [12,14]). They also play
an important role in the design of CMOS VLSI circuits, see [3,13,15], where it is
convenient if the graph representing a circuit has an Eulerian Petrie walk. Therefore,
it seems to be of interest to characterize and construct graphs with Eulerian Petrie
walks. Such graphs can have some additional properties as for example prescribed
vertex degrees and face sizes.
Constructions of regular graphs with prescribed types of vertices and faces have
been widely studied since Eberhard [4] solved the 5rst problem of this type. The paper
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Fig. 1. The curve representing a Petrie walk.
of Jendrol’ [8] is a generalization and uni5cation of earlier results in this area and is
referred to for further reference. Graphs with diGerent properties and prescribed face
lengths were also considered, for example in [9], where the existence of 3-connected
4-valent plane graphs with a straight-ahead Eulerian circuit and faces of prescribed
length is proved. In [7], Ivan%co and Jendrol’ prove a result of Eberhard-type for cubic
plane 3-connected graphs having Petrie Hamiltonian cycles.
The main problem we consider in this work is the following:
Problem 1. Let I = {i1; i2; : : : ; ip} ⊆ N and 2 6 i1¡i2¡· · ·¡ip. Given a sequence
f2i1 ; f2i2 ; : : : ; f2ip of positive integers so that t =
1
2(4 +
∑
i∈I (i − 1)f2i) is an integer;
does there exist a 4-valent plane graph with an Eulerian Petrie walk which has f2i
faces of length 2i; i ∈ I; and all other faces have length 2?
In Section 3, we use the relationship between A-trails in graphs and spanning trees
in their graphs of red faces to characterize the 4-valent plane graphs with Eulerian
Petrie walks. This characterization leads to an algorithm for constructing 4-valent plane
graphs with Eulerian Petrie walks, which is then used to construct graphs with faces
of prescribed sizes from Problem 1, when they exist. We show that Problem 1 is
NP-complete. Nevertheless, if for a given sequence of faces F there exists a 4-valent
plane graph with an Eulerian Petrie walk and face sizes from F , we can produce such a
graph in polynomial time with respect to the number of vertices of the graph. Finally,
we discuss some types of face sequences, which can be realized by 4-valent plane
graphs with Eulerian Petrie walks.
2. Preliminaries
In this article, we consider graphs which are embedded in an orientable surface,
usually the plane. All the graphs will be 5nite, connected, and not necessarily simple.
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Petrie walks possess an interesting property, which is proved, for example, in [12]:
if a sequence of edges form a Petrie walk in an embedded graph G, then the same
sequence of edges is also a Petrie walk in G∗. That means, that the dual graph of a
graph G with an Eulerian Petrie walk is also Eulerian, in other words, all the faces
of G are of even length. If G is embedded in the plane, it is therefore also bipartite.
Any connected regular bipartite graph is 2-connected, thus a regular plane graph with
an Eulerian Petrie walk is also 2-connected.
Let n; m and f stand for the number of vertices, edges and faces, respectively, of
an embedded graph G. By ni we denote the number of vertices of degree i and by fi
the number of faces of length i. For a bipartite graph with all the faces of even length
the following formula can be deduced by simple calculation from the Euler formula
for the plane:
f2 + n2 = 4 +
∑
i¿3
(i − 2)f2i +
∑
i¿3
(i − 2)n2i :
That means, any plane Eulerian graph with Eulerian Petrie walk must contain double
edges or vertices of degree 2. The number of double edges in a 4-valent plane bipartite
graph is then:
f2 = 4 +
∑
i¿3
(i − 2)f2i ; (1)
which explains, why we have not restricted ourselves to simple graphs. However, in
surfaces of higher genera there exist simple graphs with minimum degree 4 which
contain Eulerian Petrie walks. An example of such a graph would be the cartesian
product of C4 and C3 embedded in the torus.
An A-trail in an embedded graph G is a closed Eulerian walk such that every two
consecutive edges lie on the boundary of a common face. Eulerian Petrie walks are a
special kind of A-trails. It is well known that the faces of a plane Eulerian graph can
be colored by two colors. Given a plane Eulerian graph G of minimum degree 4 and
with a 2-face coloring by red and white colors, any A-trail T of G de5nes a unique
partition of the vertex set of G in the following way [2]:
Let v be any vertex of G. Replace v by 12deg(v) vertices of degree 2, each incident
with a distinct pair of successive edges of T , such that the resulting graph Gv is plane,
all the new vertices being placed in the same face of G \ v as v: If successive edges of
T share a common red (white) face at v, the white (red) faces with v on the boundary
become one face; we say that T induces a W-splitting (R-splitting) at v. Now let V
be the set of vertices of G at which T induces a -splitting,  ∈ {R;W}: We say that
(VR ; VW) is the A-partition induced by T.
3. Characterization of 4-valent plane graphs with Eulerian Petrie walks
Let G be a connected 4-valent plane graph. Since it is Eulerian and plane, its faces
can be colored by two colors, say red and white. We now de5ne a graph GR, which
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is called the graph of red faces of G. The vertices of GR are the red faces of G
and two vertices are connected by an edge, if the corresponding faces of G share a
vertex—one edge for each common vertex. The embedding of G also determines a
plane embedding of GR. Observe that G is the medial graph of GR. We shall denote
the edge of GR corresponding to a vertex v of G by e(v).
Anton Kotzig [10] has shown, that the spanning trees of GR are in one-to-one
correspondence with A-trails in G. Since then, the relationship between the spanning
trees of GR and A-trails in G has been widely used (for example in [1,2,5,11]). We will
describe this relationship, using the approach from the book of Fleischner [5], p. VII.24:
let G be a connected 4-valent plane graph and A be an A-trail in G whose induced
A-partition is (VR ; VW). De5ne T by its edge set {e(v); v ∈ VR}: Then T is a spanning
tree in GR : Conversely, let T be a spanning tree of GR. De5ne a partition (VR ; VW) of
V (G) by letting v ∈ VR if and only if e(v) is an edge of T , and VW =V (G)\VR : Then
G admits an A-trail whose induced A-partition is (VR ; VW):
Let G be a 4-valent graph which contains an Eulerian Petrie walk. Then G is bipartite
and we can color its vertices by two colors, say black and white. Since to each vertex
of G, there corresponds an edge of GR, we have a natural coloring of edges of GR by
two colors (which is not a proper edge-coloring). Now we can formulate the following
Proposition:
Proposition 1. Let G be a connected 4-valent bipartite plane graph with a given face
coloring by red and white colors and a vertex coloring with black and white colors.
Then G contains an Eulerian Petrie walk if and only if the graph of red faces GR
contains a spanning tree which consists of exactly all the white or exactly all the
black edges of GR.
Proof. (⇒) Let G contain an Eulerian Petrie walk P = (v0; e1; v1; e2; v2; : : : ; em; v0):
Suppose that the vertices v2i ; i = 0; 1; : : : ; n − 1; are white and the other vertices are
black, where n=m=2: Without loss of generality we can assume that the edges e1 and
e2 lie on a common red face of G (otherwise we obtain a spanning tree of diGerent
color). Since P is a Petrie walk, two consecutive edges e2i−1 and e2i ; i=1; : : : ; n; lie on
a common red face and two consecutive edges e2i and e2i+1; i= 1; : : : ; n− 1; and also
em and e1 lie on a common white face. That means that in the A-partition induced by
P, all the white vertices of G are in the same class VR, and all the black vertices are in
the other class. The spanning tree T corresponding to P with edge set {e(v); v ∈ VR}
is then a spanning tree of GR whose edge set consists of the white edges of GR.
(⇐) Let T be a spanning tree in GR which consists of exactly all the white edges of
GR. The A-trail P corresponding to T induces A-partition (VR ; VW) in which v ∈ VR if
and only if v is a white vertex of G and v ∈ VW if and only if v is a black vertex of
G. Thus two edges of G with a common white vertex are consecutive in P if they lie
on a common white face and two edges with a common black vertex are consecutive
in P if they lie on a common red face. But G is bipartite: along every walk black and
white vertices alternate. So two edges along P are adjacent alternatingly on a white
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Fig. 2. A 4-valent graph with an Eulerian Petrie walk.
or a red face—when traversing P, we turn once left and once right—so P is a Petrie
walk. Similar consideration holds also if T consists of exactly all the black edges
of GR.
Corollary 2. Let G be a 4-valent plane graph with an Eulerian Petrie walk. Suppose
its faces are colored by red and white colors. Then the number of red faces equals
the number of white faces.
Proof. Since G is bipartite, we can also color the vertices of G by red and white
colors. Let us denote the numbers of red vertices, white vertices, red faces and white
faces by nR ; nW; fR and fW; respectively. The numbers nR and nW are equal, since
G is a regular bipartite graph. The number of faces of G is equal to n+2; since G is
4-valent and plane.
The number of vertices of GR is equal to fR and the number of white edges of
GR equals to nW. Without loss of generality we can assume that the white edges
form a spanning tree of GR. Therefore fR − 1 = nW = n=2, which implies fR = fW =
n=2 + 1.
Fig. 2 shows a 4-valent graph G in the plane. Its graph of red faces has a spanning
tree which consists of exactly all the white edges. So G has an Eulerian Petrie walk
in which two edges with a common white (black) vertex are consecutive if they lie
on a common white (red) face.
The graphs we use in the sequel may have half-edges. Each half-edge has one
endvertex. If two half-edges, e1 with endvertex v1 and e2 with endvertex v2, are joined,
we obtain an edge with endvertices v1 and v2. We de5ne the faces of an embedded
graph G with the set of half-edges H to be the faces of G\H:
Let us now describe a simple algorithm for construction of 4-valent plane graphs
with Eulerian Petrie walks, which is based on Proposition 1.
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Algorithm I.
Input: An even number n.
Output: A 4-valent graph G on n vertices with an Eulerian Petrie walk.
(1) Generate a tree T with n edges, all of which are colored white.
(2) Embed T in the plane arbitrarily.
(3) Add black half-edges in the rotation of each vertex of T so that white edges and
black half-edges alternate.
(4) Join pairs of black half-edges into edges in such a way that a plane graph GR is
obtained.
(5) Graph G is the medial graph of GR.
Step 4 can be realized in the following way. We join one pair of half-edges after
another, we always join half-edges that are consecutive on the boundary of the outer
face of the current graph.
It is clear, that G is a 2-connected 4-valent plane graph on n vertices, having an
Eulerian Petrie walk, because its graph of red faces has a spanning tree consisting of
exactly all the white edges. Note that any plane 4-valent graph having a Petrie walk
can be obtained this way, with appropriate choice of the tree and the pairs of half-edges
to be joined.
4. Plane 4-valent graphs with prescribed face sizes
In Section 3, we have presented an algorithm for the construction of 4-valent plane
graphs with Eulerian Petrie walks. In this section, we will use the algorithm to inves-
tigate Problem 1.
We will use the following notation:
I = {i1; i2; : : : ; ip} ⊆ N where 26 i1¡i2¡ · · ·¡ip; (2)
f2i1 ; f2i2 ; : : : ; f2ip positive integers so that t =
1
2
(
4 +
∑
i∈I
(i − 1)f2i
)
is an integer: (3)
Theorem 3. Let I; t and f2i1 ; f2i2 ; : : : ; f2ip be as in (2) and (3). Then there exists a
4-valent plane graph with an Eulerian Petrie walk which has f2i faces of length
2i; i ∈ I; and all other faces have length 2 if and only if there exist nonnegative
integers ti1 ; ti2 ; : : : ; tip such that ti 6 f2i ; i ∈ I; and t = 2 +
∑
i∈I (i − 1)ti:
Proof. Throughout the proof, T will denote the spanning tree of GR with all the edges
of the same color and the numbers ti; i ¿ 1; will stand for the numbers of vertices of
degree i in T .
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(⇒) If there exists a 4-valent plane graph G with an Eulerian Petrie walk and face
sizes as above, the numbers ti satisfy the conditions ti 6 f2i ; i ∈ I; (to every vertex of
degree i in T there corresponds a face of length 2i in G). The sum 2+
∑
i∈I (i− 1)ti
is exactly the number of vertices of the tree T including the vertices of degree one.
The number of vertices of T is equal to the number fR of red faces of G, and by
Corollary 2, to half the number of faces of G. Eq. (1) gives us
fR =
1
2
(
f2 +
∑
i∈I
f2i
)
= 2 +
1
2
∑
i∈I
(i − 1)f2i = t:
Therefore, we obtain the desired equality 2 +
∑
i∈I (i − 1) ti = t.
(⇐) Suppose there exist nonnegative integers ti1 ; ti2 ; : : : ; tip such that ti 6 f2i ; i ∈ I;
and t=2+
∑
i∈I (i− 1)ti: Following the algorithm from Section 3, we will construct a
4-valent plane graph G with an Eulerian Petrie walk and f2i faces of length 2i; i ∈ I:
First, we construct a tree T with ti vertices of degree i; i ∈ I (note that 1 
∈ I; so the
number of 1-valent vertices underlies no restrictions, i.e., is determined exclusively by
the numbers ti; i ∈ I). Each vertex of T corresponds to a red face of G. The number
of vertices of T including vertices of degree 1 is
∑
i¿2 (i − 1)ti + 2 = t. We color all
the edges of T white and embed T in the plane arbitrarily.
Next, we add black half-edges in the rotational scheme of each vertex of T so
that the white edges and black half-edges alternate. Therefore, the number of black
half-edges we add is equal to twice the number of edges of T ; that is, the number of
black half-edges is
2t − 2 = 2
∑
i∈I
(i − 1)ti + 2: (4)
Finally, we have to join black half-edges so that f2i − ti faces of length 2i; i ∈ I;
are obtained. They will correspond to white faces of G.
At each step we join two black half-edges that are consecutive on the boundary
of the outer face of the current graph so that the graph remains plane. For brevity’s
sake, consecutive will mean consecutive on the boundary of the outer face and we will
measure the distance between two consecutive half-edges along the boundary of the
outer face. Initially, the endvertices of any two consecutive half-edges are at distance
one. To obtain the 5rst face of length 2k, say, we need to join k − 1 successive pairs
of consecutive half-edges, and then join the half-edge before with the half-edge after
them. This is illustrated in Fig. 3, where the tree is represented by the boundary walk
of the (outer) face. Afterwards we only need to join i−1 pairs of half-edges for a face
of length 2i, since at each step we have a pair of consecutive half-edges at distance
3. We therefore need to join:
∑
i∈I
(f2i − ti) · 2(i − 1) + 2; (5)
546 A. (Zitnik /Discrete Mathematics 244 (2002) 539–549
Fig. 3. Construction of the 5rst face of GR of length 8 from a spanning tree.
half-edges to obtain f2i − ti faces of length 2i; i ∈ I; in GR. This can be simpli5ed to:
∑
i∈I
(f2i − ti) · 2(i − 1) + 2 = 2
∑
i∈I
(i − 1)f2i − 2
∑
i∈I
(i − 1)ti + 2 = 2t − 2: (6)
Since (4) equals (5), we need exactly as many half-edges to obtain f2i − ti faces of
length i; i ∈ I; as there are available. Therefore, we can construct the desired faces of
GR. All the other faces we obtain during this process have length 2. The medial graph
of G is then a 4-valent plane graph with an Eulerian Petrie walk and face sizes as
required by the theorem.
By Theorem 3 and its proof, Problem 1 is polynomial time isomorphic to the fol-
lowing problem:
Problem 2. Given I; t and f2i1 ; f2i2 ; : : : ; f2ip as in (2) and (3); can we ;nd nonnegative
integers ti1 ; ti2 ; : : : ; tip so that ti 6 f2i ; i ∈ I; and t = 2 +
∑
i∈I (i − 1)ti?
We will show that Problem 2 is NP-complete by reducing from the NP-complete
partition problem (see [6]) which is the following:
Problem 3. Given a ;nite set A and value s(a) ∈ Z+ for each a ∈ A; is there a subset
A′ ⊆ A so that
∑
a∈A′
s(a) =
∑
a∈A−A′
s(a)?
Proposition 4. Problem 2 is NP-complete.
Proof. The problem is clearly in NP. Now we reduce the partition problem to
Problem 2.
So let A={a1; a2; : : : ; an} be a set and s(ai) ∈ Z+; i=1; : : : ; n: Let I ={i ∈ N; there
exists a ∈ A such that s(a) = i − 1}. We de5ne f2i to be the number of elements
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a of A with s(a) = i − 1; i ∈ I . Since there are at most n numbers in the sequence
f2i ; i ∈ I; this can be done in polynomial time.
Suppose we 5nd ti 6 f2i so that 2 +
∑
i∈I (i − 1)ti = t = 12(4 +
∑
i∈I (i − 1)f2i).
Then we construct A′ as follows: for each i ∈ I take ti elements of A with size i − 1:
Obviously,
∑
a∈A′ s(a) =
∑
a∈A−A′ s(a):
Conversely, if we 5nd A′ ⊆ A so that ∑a∈A′ s(a) =∑a∈A−A′ s(a), the numbers
ti= the number of elements of A′ with size i − 1, i ∈ I; give the solution of
Problem 2.
There exist pseudo-polynomial algorithms for solving the partition problem, for ex-
ample the one based on dynamic programming with complexity O(
∑
a∈A s(a) · |A|),
which also 5nds the subset A′ (for details, see [6]). This algorithm can also be used
to 5nd the solution of Problem 2. Given nonnegative integers f2i1 ; f2i2 ; : : : ; f2ip we
construct the set
A= {ai1 ;1; ai1 ;2; : : : ; ai1 ;f2i1 ; ai2 ;1; ai2 ;2; : : : ; ai2 ;f2i2 ; : : : ; aip;1; aip;2; : : : ; aip;f2ip }
with
s(ai; j) = i − 1:
As in the proof of Proposition 4 it can be seen that the numbers ti can be found if
and only if the set A can be partitioned into two sets with equal sums of sizes of their
elements, and also how to 5nd the numbers ti from the set A′ ⊆ A. Although the set
A can be exponential with respect to the data f2i1 ; f2i2 ; : : : ; f2ip ; the algorithm remains
pseudopolynomial:
∑
a∈A s(a) · |A|=
∑
i∈I (i−1)f2i ·
∑
i∈I f2i= O(n ·m) where n stands
for the number of vertices and m for the number of edges of a 4-valent plane graph
with f2i faces of length 2i; i ∈ I; and all other faces of length 2.
That also means that given I and f2i1 ; f2i2 ; : : : ; f2ip as in (2) and (3), it is possible
to determine whether there exists a 2-connected 4-valent plane graph with an Eulerian
Petrie walk which has f2i faces of length 2i; i ∈ I; and all other faces of length 2, in
polynomial time with respect to the number of vertices of a 4-valent plane graph with
such face sizes. Moreover, if such a graph exists, it can be constructed in polynomial
time from a tree with ti vertices of degree i; i ∈ I , where the numbers ti 6 f2i with
the property 2 +
∑
i∈I (i − 1)ti = t are obtained by the pseudo-polynomial algorithm
from [6]. As discussed before, the algorithm runs in polynomial time with respect to
the number of vertices of the constructed graph.
To conclude this section, we give some special types of sequences (2) and (3), for
which the answer to Problem 2 (and therefore also to Problem 1) is always aQrmative.
Obviously, if for all i ∈ I; f2i is even, we take ti = f2i=2: Below is another example.
Proposition 5. Let f4; f6; : : : ; f2p be a sequence of positive integers such that
t= 12(4+
∑p
i=2 (i−1)f2i) is an integer. Then there exist nonnegative integers ti 6 f2i ;
i = 1; : : : ; p; such that t = 2 +
∑p
i=2 (i − 1)ti:
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Proof. If we take ti = f2i=2; we obtain the correct sum t =
∑
i∈I (i − 1)ti: Whenever
f2i is odd for some i, we must round ti and therefore get a defect Rdi = f2i=2 − ti of
±(i − 1)=2 w.r.t. the above sum. If i is even, the defect is not an integer, but since t
is an integer, an even number among f4i ; i ¿ 1; is odd, so the defects always sum
up to an integer. Let m′ be the largest integer such that f2m′ is odd. If such m′ does
not exist, we take ti =f2i=2 and the proof is 5nished; otherwise m′ ¿ 3, since t is an
integer.
Let di =
∑
j¿i
Rdj = di+1 + Rdi: We take ti = f2i=2, for i¿m′ and tm′ = f2m′ =2: At
the beginning dm′ = (m′ − 1)=2: We will choose ti; i=m′ − 1; : : : ; 3; such that at each
step |di|6 (i − 1)=2: Suppose |du|6 |(u− 1)=2|; u¿ i:
• If f2i is even, we take
ti =


f2i=2 if |di+1|6 (i − 1)=2;
f2i=2− 1 if di+1 =−i=2;
f2i=2 + 1 if di+1 = i=2:
In any case, |di|6 (i − 1)=2:
• If f2i is odd, we take
ti =
{
f2i=2 if di+1¡0;
f2i=2 if di+1¿0:
In any case, |di|6 (i − 1)=2: 0
Since for i ¿ 3 it always holds that |di| 6 (i − 1)=2; we have 5 possibilities for d3,
d3 ∈ {0;−1; 1;− 12 ; 12}: In the 5rst three cases f4 must be even, and in the last two
cases f4 must be odd, since the defects always sum up to an integer. We take
t2 =


f4=2 if d3 = 0;
f4=2− 1 if d3 =−1;
f4=2 + 1 if d3 = 1;
f4=2 if d3 =− 12 ;
f4=2 if d3 = 12 ;
and d2 = 0 or in other words, t = 2+ t2 + 2t3 + · · ·+ (p− 1)tp: Because f2i ¿ 1 it is
also true that ti 6 f2i for i = 1; : : : ; p.
If f4 is big enough, the answer to Problem 2 is also aQrmative:
Proposition 6. For any sequence f6; : : : ; f2p of nonnegative integers there exists
a number k such that if f4 ¿ k and t = 12(4 +
∑
i¿2 (i − 1)f2i) is an integer; then
there exist nonnegative integers ti 6 f2i ; i = 2; : : : ; p which satisfy the equation
t = 12(4 +
∑p
i=2 (i − 1)f2i) = 2 +
∑p
i=2 (i − 1)ti:
A. (Zitnik /Discrete Mathematics 244 (2002) 539–549 549
Proof. We choose t6; t8; : : : ; tp such that ti 6 f2i and k = 2
∑p
i=3 (i− 1)ti −
∑p
i=3 (i−
1)f2i is nonnegative (and as small as possible). For f4 ¿ k such that t is an integer
we must take t2= t−
∑p
i=3 (i−1)ti−2 to get t=2+
∑p
i=2 (i−1)ti: Then t2=(f4−k)=2;
which implies 06 t2 6 f4:
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